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RELATIVISTIC TWO-PARTICLE EQUATIONS WITH
SUPERPOSITION OF DELTA-SHELL POTENTIALS:
SCATTERING AND BOUND STATES
Valery Kapshai †, Yury Grishechkin ‡
Department of Physics, Gomel State University, 102, Gomel, 246019, Belarus
Exact solutions of two-particle relativistic equations of quantum field
theory describing the scattering s-states and the bound s-states are found
in the cases of delta-shell potential and superposition of delta-shell poten-
tials. Some properties of obtained relativistic wave functions, scattering
amplitudes and quantization conditions are investigated. The resonance
character of scattering processes is demonstrated by the behavior of ampli-
tudes. It is shown that the non-relativistic limits of these relativistic values
coincide with respective non-relativistic ones obtained from the Schro¨dinger
equation.
PACS numbers: 02.30.Rz, 03.65.Ge, 03.65.Pm, 03.65.Nk, 11.55.-m, 11.80.-m
1. Introduction
In this paper we consider three-dimensional relativistic equations of
quasipotential type, which describe systems of two particles with equal
masses. Originally these two-particle equations were obtained in the mo-
mentum representation, in which they are analogous to the Schro¨dinger and
the Lippmann-Schwinger equations [1, 2]. In the center of mass system,
the equations for the scattering state wave function of relative movement
ψ(j)(q,p) have the form
ψ(j)(q,p) = (2pi)
3δ(p − q) +G(j)(Eq, p)
∫
V (Eq,p,k)ψ(j)(q,k)
dk
(2pi)3
. (1)
In the most general case, the qusipotential V (Eq,p,k) depends on the two-
particle energy 2Eq in the center of mass system and on the spin variables.
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In this paper we only discuss the case of energy and spin independent po-
tentials. Energy for the scattering states can be parameterized as follows:
2Eq = 2m coshχq, where m - is the mass of each particle, and χq - is
the rapidity. The Green functions (GFs) G(j)(Eq, p), in the momentum
representation for the Logunov-Tavkhelidze equation (j = 1) and for the
Kadyshevsky equation (j = 2), have the following form (Ep =
√
p2 +m2 =
m coshχp):
G(1)(Eq, p) =
1
E2q − E
2
p + i0
m
Ep
; G(2)(Eq, p) =
1
2Eq − 2Ep + i0
m
E2p
. (2)
We also consider the modified Logunov-Tavkhelidze (j = 3) and the modi-
fied Kadyshevsky (j = 4) equations, for which the GFs are
G(3)(Eq, p) =
1
E2q − E
2
p + i0
; G(4)(Eq, p) =
1
2Eq − 2Ep + i0
1
Ep
. (3)
All four relativistic Green functions in the non-relativistic limit (m → ∞;
χq, χp → 0; mχq = q; mχp = p) turn into the GF of the Schro¨dinger
equation:
lim
χq,χp→0
m→∞
G(j)(Eq, p) = Gq(0)(p) =
1
q2 − p2 + i0
. (4)
The so called relativistic configurational representation (RCR) is used for
two-particle equations along with the momentum representation [3, 4]. The
RCR was introduced by means of expansion of all the values in equations
over the principal series of matrix elements of irreducible unitary represen-
tations the Lorentz group, which are realized by functions (r = rn)
ξ(p, r) =
(
Ep − pn
m
)−1−imr
. (5)
The group parameter r is treated as a relative relativistic coordinate in the
center of mass system [3, 4]. Functions ξ(p, r) play the role of plane waves
in the RCR; in the nonrelativistic limit they turn into functions exp(ipr),
where r - is the radius-vector in the ordinary coordinate space. For instance,
transformation of the wave function to the RCR and its inverse transforma-
tion have the form [3, 4]
ψ(j)(q, r) =
1
(2pi)3
∫
ξ(p, r)ψ(j)(q,p)
m
Ep
dp, (6)
ψ(j)(q,p ) =
∫
ξ∗(p, r)ψ(j)(q, r)dr, (7)
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respectively. Properties of functions ξ(p, r) and transformations (6), (7) as
well as analogous transformations for quasipotentials V (Eq,p,k) and GFs
G(j)(Eq, p) are discussed in detail in[3, 4].
After the transformation into the RCR, the equations for relativistic
wave functions have the following form [3, 4] (in this paper we discuss only
the case of the RCR-local, spherically symmetric, spin independent poten-
tials V (r) ≡ V (r)):
ψ(j)(q, r) = ξ(q, r) +
∫
G(j)(Eq, r, r
′) V (r ′) ψ(j)(q, r
′) dr ′. (8)
The expansion of functions ψ(j)(q, r), ξ(q, r) into series in the Legendre
polynomials Pl(qr/qr), and of functions G(j)(Eq, r, r
′) into series in the
polynomials Pl(rr
′/rr′), results in equations for the partial wave functions,
which in the s-wave case have the form
ψ(j)(χq, r) = sin(χqmr) +
∞∫
0
G(j)(χq, r, r
′)V (r ′)ψ(j)(χq, r
′) dr ′. (9)
Partial Green functions in the RCR G(j)(χq, r, r
′) are connected with the
GFs in the momentum representation as follows:
G(j)(χq, r, r
′) =
2
pi
∞∫
0
sin(χkmr)G(j)(m coshχq, k)Ek sin(χkmr
′)dχk. (10)
The direct calculation of GFs (10) for specific j leads to the following
expressions:
G(j)(χq, r, r
′) = G(j)(χq, r − r
′)−G(j)(χq, r + r
′), (11)
where [5]
G(1)(χq, r) =
−i
K
(1)
q
sinh[(pi/2 + iχq)m r]
sinh[pi m r/2]
; (12)
G(2)(χq, r) =
(4m cosh χq)
−1
cosh[pi m r/2]
−
i
K
(2)
q
sinh[(pi + iχq)m r]
sinh[pi m r]
;
G(3)(χq, r) =
−i
K
(3)
q
cosh[(pi/2 + iχq)m r]
cosh[pi m r/2]
;G(4)(χq, r) =
−i
K
(4)
q
sinh[(pi + iχq)m r]
sinh[pi m r]
.
In formulae (12) we used the notations
K(1)q = K
(2)
q = m sinh 2χq; K
(3)
q = K
(4)
q = 2m sinhχq. (13)
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In what follows, we will need the asymptotics of GFs (11) at r →∞
G(j)(χq, r, r
′)
∣∣∣
r→∞
∼= −
2
K
(j)
q
sin(χqmr
′) exp(iχqmr). (14)
In the bound state case, equations (9) (as well as (8)) are modified to
the homogeneous form, and the rapidity χq becomes imaginary (χq = iwq;
0 ≤ wq < pi/2; 2Eq = 2m coswq)[6]:
ψ(j)(iwq, r) =
∞∫
0
G(j)(iwq, r, r
′) V (r ′) ψ(j)(iwq, r
′) dr ′. (15)
It is not difficult to see that in the nonrelativistic limit all GFs (11)
transform into the GF of the three-dimensional Schro¨dinger equation for
s-waves in the coordinate representation [7, 8]:
lim
χq→0
m→∞
G(j)(χq, r, r
′ ) = G(0)(q, r, r
′) =
−1
q
sin(qr<) exp(iqr>). (16)
The nonrelativistic limit of equations (9), (15) gives the Schro¨dinger equa-
tion for scattering
ψ(0)(q, r) = sin(q r) +
∞∫
0
G(0)(q, r, r
′) V (r ′) ψ(0)(q, r
′) dr ′ (17)
and bound states
ψ(0)(iκ, r) =
∞∫
0
G(0)(iκ, r, r
′)V (r ′)ψ(0)(iκ, r
′) dr ′, (18)
respectively. The quantity iκ in equation (18) is defined as iκ = lim
wq→0
m→∞
imwq.
In general, potentials V in the RCR depend on the system energy 2Eq.
Since the problem of finding relativistic potentials in the frame of quantum
field theory is quite complicated, various phenomenological potentials are
commonly used analogous to the non-relativistic Schro¨dinger equation. In
many cases such phenomenological potentials are chosen to be independent
of 2Eq. Moreover, the coordinate dependence of relativistic potentials is of-
ten the same as the coordinate dependence of the non-relativistic potentials.
Even so, the number of cases with exact solutions to relativistic equations
is much smaller than in the non-relativistic theory. Solutions found for such
potentials and the values obtained based on these solutions allow us to make
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definite important conclusions about the general properties of quasipoten-
tial type two-particle equations in the case of more complicated potentials
which do not allow for exact solutions. The potentials which allow exact
solutions and detailed analysis are, therefore, of special interest. To study
the general properties based only on numerical solutions is quite difficult.
Delta-function potentials attract much attention in the non-relativistic
theory [9, 10, 11, 12, 13, 14]. As a physical model, the delta-function
potential is used to represent a potential whose spatial extension is very
small compared to all other length scales. Superposition and array of delta-
function potentials have been used in solid state physics and optics. The so-
lution of one-dimensional relativistic two-particle equations with the delta-
function potential and superposition of delta-function potentials was con-
sidered in [5, 6]. These equations with potential ”delta-function derivative
of n-th order” δ(n) at n = 1, 2, 3 were solved in article [15]. The relativistic
one-dimensional problem for nonlinear delta-function potential was consid-
ered in [16].
In this paper we consider the solution of relativistic partial two-particle
equations for s-waves (9), (15) with the potential V0δ(r − a), which is lo-
calized on the sphere of finite radius a > 0 (in the three-dimensional case
such potential is often called “delta-shell potential”), and with a superpo-
sition of two such potentials. The article is organized as follows. In the
second paragraph the wave functions for the scattering states are found.
The scattering amplitudes, S-matrices and phase shifts are obtained using
the wave functions. The analysis of obtained results is carried out. In the
third paragraph the wave functions and the energy quantization conditions
for them are found for bound states. In the fourth paragraph the results
are studied in the non-relativistic limit.
2. The scattering states
Let us consider briefly the solutions of relativistic equations for the scat-
tering states (9) in the case of the delta-shell potential
V (r) = V0δ(r − a), (19)
where V0 and a > 0 - are real constants. The wave functions for potential
(19) are
ψ(j)(χq, r) = sin(χqmr) + V0A
−1
(j)(χq) sin(χqma)G(j)(χq, r, a); (20)
A(j)(χq) = 1− V0G(j)(χq, a, a).
Taking into account (14) one can represent the asymptotics of wave
functions (20) at r → ∞ in the form (q = m sinhχq - is the relativistic
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momentum)
ψ(j)(χq, r)
∣∣∣
r→∞
∼= sin(χqmr) + qf(j)(χq) exp(iχqmr), (21)
f(j)(χq) =
−2V0 sin
2(χqma)
qK
(j)
q A(j)(χq)
, (22)
where the relativistic scattering amplitude f(j)(χq) is determined, in the
same way as the non-relativistic one, as the coefficient at the scattered wave
divided by momentum [7, 8] (the relativistic scattered s-wave has the form
exp(iχqmr) [3, 4]). Expressions for the scattering amplitudes corresponding
to the four GF variants can be represented as
f(1)(χq) =
−2V0q
−1s2(a)
K
(1)
q + V0
[
s(2a)
t˜(a)
−
2χq
pi
+ 2is2(a)
] ; (23)
f(2)(χq) =
−2V0q
−1s2(a)
K
(2)
q + V0
[
s(2a)
t˜(2a)
−
χq
pi
+ 2is2(a)−
t˜2(a/2)
1 + t˜2(a/2)
sinh(χq)
] ;
f(3)(χq) =
−2V0q
−1s2(a)
K
(3)
q + V0[t˜(a)s(2a) + 2is2(a)]
;
f(4)(χq) =
−2V0q
−1s2(a)
K
(4)
q + V0
[
s(2a)
t˜(2a)
−
χq
pi
+ 2is2(a)
] .
where we used notations
s(a) = sin(χqma), t˜(a) = tanh(pima). (24)
Some numerical calculations results of scattering amplitudes (22) for j = 1, 3
will be shown later, namely after considering another important value —
the phase shift.
Now let us find the solutions of equations (9) and the expressions for
the scattering amplitudes in the case of superposition of two delta-shell
potentials:
V (r) = V1δ(r − a1) + V2δ(r − a2), (25)
where V1,2, a1,2 - are real constants and a2 > a1 > 0. Substitution of
(25) into equations (9) gives the wave function expressions in the following
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general form:
ψ(j)(χq, r) = sin(χqmr) +
2∑
k=1
VkG(j)(χq, r, ak)ψ(j)(χq, ak), (26)
where the values ψ(j)(χq, a1,2) are to be found. To determine these values
one should take expressions (26) at the points r = a1 and r = a2. As a
result, one obtains a system of two linear algebraic equations for ψ(j)(χq, a1),
ψ(j)(χq, a2). Solving this system and substituting the solutions into (26) one
obtains the following expressions for the wave functions:
ψ(j)(χq, r) = sin(χqmr) +
2∑
k=1
VkG(j)(χq, r, ak)
∆(j)k(χq)
∆(j)(χq)
, (27)
where notations
∆(j)(χq) =
2∏
k=1
[1− VkG(j)(χq, ak, ak)]− V1V2G
2
(j)(χq, a1, a2); (28)
∆(j)1(χq) = s(a1)[1− V2G(j)(χq, a2, a2)] + V2s(a2)G(j)(χq, a1, a2);
∆(j)2(χq) = s(a2)[1− V1G(j)(χq, a1, a1)] + V1s(a1)G(j)(χq, a1, a2)
are introduced. Asymptotic behaviour at r → ∞ of wave functions (27)
yields the following formulae for the scattering amplitudes:
f(j)(χq) =
−2
qK
(j)
q ∆(j)(χq)
2∑
k=1
Vk∆(j)k(χq)s(ak). (29)
The explicit form of expressions (27)-(29) for concrete j in the case of
superposition of delta-shell potentials is quite cumbersome. For example,
the scattering amplitude at j = 3 is
f(3)(χq) =
F1 + F2
qK
(3)
q (F3 + iF4)
, (30)
where
F1 = V1s
2(a1)
[
1+
V2
K
(3)
q
t˜(a2)s(2a2)
]
+V2s
2(a2)
[
1+
V1
K
(3)
q
t˜(a1)s(2a1)
]
; (31)
F2 =
2V1V2
K
(3)
q
s(a1)s(a2)
[
t˜
(
a2 − a1
2
)
s(a2 − a1)− t˜
(
a2 + a1
2
)
s(a2 + a1)
]
;
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F3 =
2∏
k=1
[
1 +
Vk
K
(3)
q
t˜(ak)s(2ak)
]
−
V1V2
(K
(3)
q )
2
[
t˜
(
a2 − a1
2
)
s(a2 − a1)− t˜
(
a2 + a1
2
)
s(a2 + a1)
]2
;
F4 =
2V1
K
(3)
q
s2(a1)
[
1 +
V2
K
(3)
q
t˜(a2)s(2a2)
]
+
2V2
K
(3)
q
s2(a2)
[
1 +
V1
K
(3)
q
t˜(a1)s(2a1)
]
+
4V1V2
(K
(3)
q )
2
s(a1)s(a2)
[
t˜
(
a2 − a1
2
)
s(a2 − a1)− t˜
(
a2 + a1
2
)
s(a2 + a1)
]
.
Results of numerical calculations of scattering amplitudes (29) for j =
1, 2, 3, 4 will be presented after the phase shift consideration.
The scattering amplitude f(j)(χq) provides information about particle
scattering. For instance, the partial s-wave cross section σ0(j)(χq) and the
partial-wave S-matrix S(j)(χq) are expressed through the scattering ampli-
tude f(j)(χq) by relations
σ0(j)(χq) = 4pi|f(j)(χq)|
2; S(j)(χq) = 1 + 2iqf(j)(χq). (32)
It is not difficult to see that expressions for scattering amplitudes (22),
(29) satisfy the unitarity condition [3, 4], which has the form similar to the
non-relativistic one [7, 8]:
Imf(j)(χq) = q|f(j)(χq)|
2. (33)
It follows from expressions (22), (29) that this unitarity condition is equiv-
alent to the following property of GFs (11):
ImG(j)(χq, a, b) = −
2s(a)s(b)
K
(j)
q
. (34)
In the case of delta-shell potential (19) the partial wave S-matrix can
be represented in the form
S(j)(χq) = 1−
4iV0s
2(a)
K
(j)
q A(j)(χq)
=
(A(j)(χq))
∗
A(j)(χq)
, (35)
from which its unitarity is obvious. For the superposition of delta-shell
potentials (25) S(j)(χq) can also be represented in analogous form to (35)
S(j)(χq) = 1−
4i
(
V1s(a1)∆(j)1 + V2s(a2)∆(j)2
)
K
(j)
q ∆(j)
=
(∆(j))
∗
∆(j)
. (36)
Relativistic two-particle equations 9
The unitarity of the S-matrix is reflected in the following representation
S(j)(χq) = exp(2iφ(j)(χq)), (37)
which defines the phase shift φ(j)(χq). The phase shifts can be found from
expressions:
a) in the case of delta-shell potential
tan(2φ(j)) =
−4V0K
(j)
q [1− V0ReG(j)(χq, a, a)]s
2(a)
[K
(j)
q (1− V0ReG(j)(χq, a, a))]2 − [2V0s2(a)]2
; (38)
b) in the case of delta-shell potential superposition
tan(2φ(j)) =
−2Re∆(j)(χq)Im∆(j)(χq)
(Re∆(j)(χq))2 − (Im∆(j)(χq))2
, (39)
where
Re∆(j)(χq) =
2∏
k=1
[1− VkReG(j)(χq, ak, ak)]− V1V2
[
ReG(j)(χq, a1, a2)
]2
;
(40)
Im∆(j)(χq) =
2V1s
2(a1)
K
(j)
q
[1− V2ReG(j)(χq, a2, a2)]
+
2V2s
2(a2)
K
(j)
q
[1− V1ReG(j)(χq, a1, a1)] +
4V1V2s(a2)s(a1)
K
(j)
q
ReG(j)(χq, a1, a2).
In figures 1 and 2 we present the results of numerical calculations of the
cross sections and phase shifts (the curve number corresponds to the index
of GF j). In the figures (and from expressions (22), (29)) it is seen that
σ0(j)(χq)→ 0 at χq →∞, which is natural. The figures also show that the
amplitudes can be equal to zero at some finite values of rapidity χq. The
analogous non-relativistic effect of the partial-wave cross section (scattering
amplitude) vanishing at finite values of momentum is called the Ramzauer-
Taunsend effect [7, 8, 17]. Scattering amplitudes of the delta-shell potential
are equal to zero if the following condition (the same for all j) holds:
χqma = pin, n = 1, 2, 3, ... . (41)
From this condition it follows that the scattering amplitudes have an infinite
number of zeros. For the superposition of two delta-shell potentials the
vanishing condition of the cross section is
V2s
2(a2) + V1s
2(a1) + V1V2[2s(a2)s(a1)G(j)(χq, a1, a2) (42)
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Figure 1. The cross sections (a) and the phase shifts (b) for the delta-shell potential
at m = 1, a = 5, V0 = 2
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0.5
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ΦHjL
1
3
cL
0.5 1 1.5 2 2.5 Χq
-1.5
-1
-0.5
0.5
1
1.5
ΦHjL
2
4
dL
0.5 1 1.5 2 2.5 Χq
2
4
6
8
10
ΣHjL
1
3
aL
0.5 1 1.5 2 2.5 Χq
2
4
6
8
10
ΣHjL
2
4
bL
Figure 2. The cross sections (a, b) and the phase shifts (c, d) for the superposition
of delta-shell potentials at m = 1, a1 = 3, a2 = 4, V1 = 1, V2 = −1
−s2(a1)G(j)(χq, a2, a2)− s
2(a2)G(j)(χq, a1, a1)] = 0.
For example, for j = 3 expression (42) has the form (c(a) = cos(χqma))
V2s
2(a2) + V1s
2(a1) +
2V1V2
K
(3)
q
s(a2)s(a1)
[
t˜
(
a2 − a1
2
)
s(a2 − a1) (43)
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Figure 3. The scattering amplitudes vanishing conditions at m = 1, a1 = 3, V1 = 1,
V2 = −1: a) j = 1, b) j = 4
−t˜
(
a2 + a1
2
)
s(a2 + a1) + t˜(a1)s(a2)c(a1) + t˜(a2)s(a1)c(a2)
]
= 0.
Condition (42) depends on five variables (V1, V2, a1, a2, χq). When three
of the variables are fixed, a condition for the other two is obtained. In this
2-variable case the scattering amplitude zeros can be represented on a plane.
Some results of numerical calculations (for expressions (42)) of this sort are
represented in figure 3. At χq →∞ expression (42) turns into equality
V2 sin
2(χqma2) + V1 sin
2(χqma1) = 0. (44)
From (44) it follows:
1) at V1V2 < 0 there is an infinite number of zeros of the scattering
amplitude f(j)(χq);
2) at V1V2 > 0 condition (44) only has solutions if the quotient a2/a1 is a
rational number, in such case there is an infinite number of scattering
amplitude zeros, otherwise the scattering amplitude f(j)(χq) has a
finite number of zeros.
3. The bound states
Let us consider solutions of equations for the bound states (15) (for all
j) with potentials (19) and (25). The wave functions of bound states for
delta-shell potential (19) have the form
ψ(j)(iwq, r) = V0G(j)(iwq, r, a)ψ(j)(iwq, a). (45)
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Nontrivial ψ(j)(iwq, a) (not equal to zero) exist only if the following condi-
tions hold:
V0(j) = [G(j)(iwq, a, a)]
−1 = [G(j)(iwq, 0) −G(j)(iwq, 2a)]
−1, (46)
these are the quantization conditions for the quantity wq (2Eq = 2m coswq).
In conditions (46) the potential parameter V0 is represented as a function of
the energy parameter wq. Of course, it would be more convenient to have
wq (or Eq) as a function of V0, but this is impossible in the case considered
here. For j = 1, 2, 3, 4 conditions (46) have the following form:
V0(1) =
pim sin 2wq
2wq + pi
[
2s˜ 2(a)−
s˜(2a)
t˜(a)
] ; (47)
V0(2) =
pim sin 2wq
wq + pi
[
t˜2(a/2) sinwq
t˜2(a/2) + 1
+ 2s˜ 2(a)−
s˜(2a)
t˜(2a)
] ;
V0(3) =
2m sinwq
2s˜ 2(a)− t˜(a)s˜(2a)
; V0(4) =
2pim sinwq
wq + pi
[
2s˜ 2(a)−
s˜(2a)
t˜(2a)
] ,
where we used notations
s˜(a) = sinh(wqma); t˜(a) = tanh(pima). (48)
From expressions (47) it follows that bound states can exist only if V0(j) < 0.
In figure 4 we present numerical calculation results of V0, wq -dependence
(for all j) given by (47). As seen in the figure, only one energy level can
0.3 0.6 0.9 1.2 1.5 wq
-8
-6
-4
-2
V0
1
2
3
4
aL
0.3 0.6 0.9 1.2 1.5 wq
-3
-2.5
-2
-1.5
-1
-0.5
V0
1
2
3
4
bL
Figure 4. The quantization condition for the delta-shell potential at: a) m = 1,
a = 1; b) m = 0.5, a = 2
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Figure 5. The quantization condition for the superposition of two delta-shell po-
tentials at m = 1, a1 = 1,: a) V1 = 7, V2 = −2; b) V1 = −2, V2 = −1
exist for the delta-shell potential (one value wq with all the other param-
eters fixed). Unknown values ψ(j)(iwq, a) in wave functions (45) can be
determined from the normalization condition which has the same form in
the RCR for all j: ∫ ∞
0
|ψ(j)(iwq, r)|
2dr = 1. (49)
Solutions of equations (15) for the superposition of the delta-shell potentials
can be found by analogy with the scattering state case. The quantization
conditions for the superposition of delta-shell potentials (25) are
2∏
k=1
[1− VkG(j)(iwq, ak, ak)]− V1V2G
2
(j)(iwq, a1, a2) = 0. (50)
It is not difficult to see that at a1 → ∞ (or a2 → ∞) expressions (50)
are transformed into quantization conditions similar to (46) for the single
delta-shell. In figure 5 we present some numerical results for (50). The
figure shows that one or two energy levels can exist for the superposition of
two delta-shell potentials (one or two values wq for fixed a2). Expressing V2
via all other parameters of the problem under consideration (V1, a1, a2, m,
wq) one obtains
V2(j) =
1− V1G(j)(iwq, a1, a1)
G(j)(iwq, a2, a2) + V1F(j)(iwq, a1, a2)
, (51)
F(j)(iwq, a1, a2) = G
2
(j)(iwq, a1, a2)−
2∏
s=1
G(j)(iwq, as, as).
In figure 6 we show some numerical results of expressions (51) at fixed
parameters V1, a1, a2, m. The figure illustrates that expressions (51) can
have singularities at some parameters V1, a1, a2, m, wq.
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Figure 6. The quantization condition for the superposition of two delta-shell po-
tentials at m = 1, a1 = 1: a) a2 = 2, V1 = 1.5; b) a2 = 4, V1 = −3.5
For a more detailed analysis of expressions (50) let us define V2 = αV1,
where α is a dimensionless parameter (α 6= 0). Equalities (50) then take
the form of quadratic equations for V1, solving them one can obtain two
following expressions for each j:
V ±1(j) =
αG(j)(iwq, a2, a2) +G(j)(iwq, a1, a1)±
√
D(j)
2α[G(j)(iwq, a1, a1)G(j)(iwq, a2, a2)−G
2
(j)(iwq, a1, a2)]
, (52)
D(j) = [G(j)(iwq, a1, a1)− αG(j)(iwq, a2, a2)]
2 + 4αG2(j)(iwq, a1, a2).
Numerical results for expressions (52) at V1 = V2 (α = 1) and at V1 = −V2
(α = −1) are shown in figures 7 and 8 respectively. From the figures and
expressions (52) it follows that two values V1 exist for each value wq at fixed
parameters m, a1, a2, α. Herewith, bound states can exist if one of the
following conditions hold: 1) V1 < 0, V2 < 0; 2) V1 < 0, V2 > 0; 3) V1 > 0,
V2 < 0. At V1 > 0, V2 > 0 bound states do not exist.
It has to be noted that quantization conditions (46) and (50) can be
obtained by equating the expressions for A(j)(χq), ∆(j)(χq) (expressions
(20) and (28)) to zero at χq = iwq, 0 ≤ wq < pi/2.
4. The non-relativistic limit
Now let us consider the non-relativistic limit of the results obtained.
In this limit the wave functions, the scattering amplitudes and the quan-
tization conditions obtained give the same result for all equations under
consideration. In the case of single delta-potential the limits are (q - is the
non-relativistic momentum, and κ = lim
wq→0
m→∞
mwq.)
lim
χq→0
m→∞
ψ(j)(χq, r) = ψ(0)(q, r) = sin(qr) +
V0q sin(qa)G(0)(q, r, a)
q + V0 sin(qa) exp(iqa)
, (53)
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Figure 7. The quantization condition for the superposition of delta-shell potentials
for j = 1 at α = 1, m = 1, a1 = 1
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Figure 8. The quantization condition for the superposition of delta-shell potentials
for j = 4 at α = −1, m = 1, a1 = 1
lim
χq→0
m→∞
f(j)(χq) = f(0)(q) =
−V0 sin
2(qa)
q[q + V0 sin(qa) exp(iqa)]
, (54)
lim
wq→0
m→∞
V0(j)(wq) = V0(0)(κ) =
−2κ
1− exp(−2κa)
. (55)
Expressions (53)-(55) coincide with the corresponding results obtained based
on the Scho¨dinger equation solution [18, 19, 20]. In the case of superposi-
tion of two delta-shell potentials the non-relativistic limits of the relativistic
wave functions and scattering amplitudes for all j can be written as
ψ(0)(q, r) = sin(qr) +
1
∆(0)(q)
[
V1 sin(qa2)G(0)(q, r, a1) (56)
+V2
(
sin(qa2) +
V1
q
sin(qa1) sin[q(a2 − a1)]
)
G(0)(q, r, a2)
]
,
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f(0)(q) =
− sin(qa2)
q2∆(0)(q)
[
2∑
s=1
Vs sin(qas) +
V1V2
q
sin(qa1) sin[q(a2 − a1)])
]
,(57)
where
∆(0)(q) = 1 +
1
q
2∑
s=1
Vs exp(iqas) sin(qas) (58)
+
V1V2
q2
exp(iqa2) sin(qa1) sin[q(a2 − a1)].
The non-relativistic limit of the quantization conditions (50) takes the form
∆(0)(iκ) = 1 +
1
2κ
2∑
s=1
Vs[1− exp(−2κas)] (59)
+
V1V2
κ2
exp(−κa2) sinh(κa1) sinh(κ(a2 − a1)) = 0.
All these expressions (56)-(59) coincide with the expressions obtained by
solving the Schro¨dinger equation with the superposition of two delta-shell
potentials.
5. Conclusion
In this paper we solved exactly relativistic two-particle integral equa-
tions describing the scattering and bound s-states in cases of the delta-shell
potential and the superposition of two delta-shell potentials. These solu-
tions yield the expressions for the partial scattering amplitudes, partial cross
sections, partial S-matrices and phase shifts. The cross section behaviour
demonstrates the resonant character of the scattering process for the po-
tentials considered. Properties of results obtained for the scattering and
bound states are investigated analytically and numerically. Namely: uni-
tarity condition of the scattering amplitude is proved and the connection
between the unitarity of scattering amplitudes and the imaginary part of the
Green functions was found, the vanishing conditions of the scattering am-
plitudes at some finite quantities of the rapidity is observed, the analysis of
the conditions for bound state existence is performed. The non-relativistic
limits of all obtained results are found.
The properties of solutions studied in this paper, and the physical val-
ues which were obtained based on these solutions have a general character
for all four equations. In the future, we plan to consider a numerical solu-
tions of the two-particle integral equations for potentials which have more
complicated form in the relativistic configurational representation.
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